Starting from the balance equations of mass, momentum and energy we formulate an integral 1D model for a poly-disperse mixture injected in the atmosphere. We write all the equations, either in their most general formulation or in the more simplified, taking particular care in considering all the underlying hypothesis in order to make clear when it is possible and appropriate to use them. Moreover, we put all the equations in a non-dimensional form, making explicit all the dimensionless parameters that drive the dynamics of these phenomena. In particular, we find parameters to measure: the goodness of the Boussinesq approximation, the injected mass flow, the column stability and his eventual collapse, and the importance of the atmospheric stratification, the initial kinetic energy and the gravitational potential energy. We show that setting to zero some of these parameters, it is possible to recover some of the existing jet and plume models for single-phase flows. Moreover, we write a simplified set of equations for which it is possible to find analytical solutions that can be used to describe also the dynamics of multiphase "weak-plumes".
The main assumptions.
In order to use the Dusty Gas model we have to assume:
• Local equilibrium.
• All the phases, either solid or gaseous, move with the same velocity field u(x, t). [9] shows that this assumption it is valid even for the solid phase if the Stokes time τ s ≡ρ is small compared to the smallest time scale of the evolution problem.
• All the phases, either solid or gaseous, have the same temperature field T (x, t). [9] shows that this assumption it is valid even for the solid phase if the thermal is small compared to the smallest time scale of the evolution problem.
Here we are interested in the mean behavior of a turbulent buoyant plume. Writing that solution we will use the following assumptions (see [11, 10, 16, 8, 12, 17, 5, 7, 6, 13] ):
• Reynold number is big enough and turbulence is fully developed, so that will be possible to disregard thermal conduction and shear dissipation.
• Pressure is constant in horizontal section.
• The profiles of mean vertical velocity and mean density in horizontal sections are of similar form at all heights.
• The mean velocity field outside and near the plume is horizontal. We will need to make additional assumption on the dependence of the rate of entrainment at the edge of the plume to some characteristic velocity at that height.
• Stationary flow.
• Radial symmetry around the source.
The multiphase Dusty-Gas equations.
Using the hypothesis given in the previous section, the Dusty-Gas model [9] As suggested in [17] , it is convenient to use the specific enthalpy h m = e m + p ρm = (C m +R m )T instead of the specific energy e m . We define the specific heat at constant pressure of the mixture consequently: where k = i = 1 is the phase index corresponding to the atmospheric gas, while k = 1 is the generic index of a phase ejected by the plume vent. Here we used the so called purely "Top Hat" auto-similar profile. In general -as shown in [10] -it is possible to use better profiles. Experiments show (see e.g. [12] ) that the auto-similar Gaussian profile best fit data for a wide range of velocity measurements. Moreover, experiments are better reproduced choosing two different plume radius (say b(z) and λb(z)) for the density and the velocity profile; the temperature profile should be determined by the equation of state of the fluid. Nevertheless, even if these modification could be done in Eqs. (3.1)-(3.5), here we decided -for simplicityto use the "Top Hat" profile. MISS(add comments to introduce Eq. (3.17) and the comments on entrainment, aggregation and settling that are included in the paper. Moreover, add something pointing out that we are neglecting the presence of humidity in the atmosphere) Here U is an entrainment velocity. We shall write it as U = κ U η κ (β/α) (3.6) where κ is a dimensionless entrainment coefficient and η κ is an arbitrary function of the density ratio (see e.g. [5] ). When η κ = 1 we have the model of [11] , if η κ (x) = √ x we get the model [14] . It useful to notice that inside the plume, the dusty gas constant R m and specific heat at constant volume C m can be written: (3.8) where R α and C v,α are respectively the gas constant and the specific heat at constant volume for the atmosphere. We also define the specific heat at constant pressure of the atmosphere and of the plume:
9) In the general case, the source eject solid phases that are not in the atmosphere and some gaseous phase that is not included in the ambient composition. Identifying such a phases, respectively, with the index i ∈ [2; I] and j ∈ J = [I + 1; I + J], and using again Eqs. (2.3a), (2.3b), (3.2) and (3.3), we find that the following mass fluxes are conserved (we are neglecting particle aggregation and fallout):
while for the atmospheric phase i = 1 = α:
Since the mass flow rate of the erupted gases and particles are conserved, it is useful to define their mass flow rate and mass fraction (respectively Q e,s and Y e,s ):
Putting together Eqs. (3.11), (3.12), (3.14) and
we obtain a relationship giving the mass flow rate Q α (z) as a function of only vent conditions (
By dividing Eq. (3.15), (3.16) and (3.18) by Q we obtain a relationship giving us all the mass fraction as a function of only vent conditions (Q e,s ) and the total mass flow rate:
Dealing with the momentum, the vertical component of Eq. (2.3c) and Eqs. (3.2) (3.3) (3.4) yields:
Again, we take the limit B → b(z), obtaining
Here we used d z p = −αg, stated by Eq. (2.3c) together with p(r, z) = p(z) and u → 0 when r b(z). Turning to the energy balance (2.3d) and using the same techniques, we find:
where h β ≡ C β T β and h α = C α T α . We neglect the term proportional to U 2 , to be compared to that proportional to U 2 , because the entrainment velocity U is typically one order of magnitude smaller than U .
Eq. (3.22) could be written in different ways using (3.11) and (3.21):
that is equivalent to Eq. (8) in [17] , or
where the dependence on the buoyancy flux and ambient stratification is highlighted. Finally, we have that Eqs. (3.1)-(3.5) are one mean solution of (2.3) if
(3.25)
By noting again that Q e and Q s are conserved and that Eqs. (3.19) hold, here the unknowns are β(z), U (z), b(z) and T β (z), provided the knowledge of the ambient density α, the ambient temperature T α and the dependence of U on the other unknowns (the entrainment model). We are still lacking in one condition. The equation of state of the various phases together with the full expanded plume hypothesis -p(r, z) = p(z) -will give us that last needed condition.
The Gas-Particle Plume model.
In order to close the latter system of equations, we can use solution (3.1)-(3.5) with the constitutive law for the dusty gas pressure. Since in Eq. (3.4) we have assumed p(r, z) = p(z), we have that -at a given height -the pressure inside the plume is the same of that outside the plume:
Thus, we can rewrite the plume internal-external enthalpy differential as follows:
We define the thermodynamic properties of the ejected gas and of the particles as follows
3) 5) noticing that all these quantities are -coherently -conserved along z 1 . In this way thermodynamic properties of the mixture can be written in terms of the thermodynamic properties of the three components, for example: 
Now, defining the relative flux of enthalpy
equation (3.24) can be rearranged
It is useful to define 11) which are constants along z, so that
This expression for F represents a modification of the buoyancy flux for a dustygas plume in the general non-Boussinesq case (cf. [3] ). It takes the classic form
, [7] ) for a single-component gas plume (in such a case Q χ = 0 and Q ψ = 0). For this reason we will refer to the relative flux of enthalpy F as the dusty gas buoyancy flux, a generalization for the multiphase case of the standard buoyancy flux.
This new quantity F , together with the mass flux Q = βU b 2 and the momentum flux M = βU 2 b 2 allow us to close problem (3.25) in their terms:
It is useful to transform the latter problem in dimensionless form. We choose
, where (·) 0 refers to the vent height. In this way, we have q(0) = m(0) = f (0) = 1. It is worth noting that ζ = 0 can correspond to the actual vent elevation as to any height above the vent (cf. [3] ). The model in non-dimensional form then is
where η κ -defined in Eq. (3.6) -is the entrainment function, potentially depending on the other variables and parameters; a(ζ)
We call these last three parameters the rate of variation respectively of q, m, f . In Eq. 
It is also useful to rewrite the physical variables as a function of these new parameters:
It is worth noting that q χ , q ψ > −1 because the specific heats and gas constants are positive (χ · , ψ · > 0) and the sum of the initial mass fraction is smaller than 1 (cf. definition of q χ , q ψ in Tab. 5.1). Moreover, φ > −1 because C β,0 T β,0 > 0. Even if these are the general conditions for such parameters, in Tab. 5.1 there are summarized the possible ranges for volcanic eruptions.
Using d z p = −αg and the ideal gas law it is possible to obtain the density stratification as a function of the temperature:
For example, if the non-dimensional atmospheric thermal gradient θ = θ α 0 /T α,0 is constant, we have t α (ζ) = 1 − θζ and:
and
It is also useful to define the Brunt-Väisällä frequencyN . Recalling that the potential temperature is 8) we obtain
This frequency depends on the height z, but it can be approximately be considered as a constant because it vary slowly in our atmosphere: ≈ 10 % of variation in the troposphere. In what follows we callN 0 its constant approximation. Using standard average conditions for the troposphere, we findN 0 1.13 * 10 −2 Hz. Studying plumes in a stratified atmosphere (cf. Sec. 5.6), it is useful to define
showing that the new parameter v f,0 can be recovered by knowing the enthalpy anomaly φ and the non-dimensional stratification length scale¨ ≡ g/N 2 0 0 . In other words, the more v f,0 increases the more the vent dimensions corrected with the enthalpy anomaly are comparable with the stratification length scale.
All these non-dimensional parameters characterize the multiphase plume and give us the possibility to classify through them all the possible regimes. We summarize in Tab. 5.1 six of them, which are the independent non-dimensional parameters sufficient to characterize a multiphase plume. In order to fix ideas, we show there the range of variability of those independent parameters for Strombolian to Plinian volcanic eruptions.
Indeed, the knowledge of these parameters and of the thermodynamic properties of the atmosphere allows us to retrieve the physical dimensional parameters. We parameter explicit form range of variability description report here all the inversion relationships needed:
see footnote
(5.11n)
In Cerminara et al. [3] , we have used these inversion relationships to obtain the vent condition of a real volcanic eruption occurred at Santiaguito (Santa Maria Volcano, Guatemala).
In this thesis, we will study only two of all the possible entrainment models introduced in the literature:
• Morton et al. [11] , where η κ = 1
• Ricou and Spalding [14] , where
More complex models have been studied in volcanology and fluid dynamics. One example can be found in [1] where η κ depends on the local Richardson number.
It is worth noting that the mass flux q(ζ) is a strictly increasing function as long as η K is positive, while the sign of m (ζ) depends on the buoyancy sign:
because v m , q, m are strictly positive. For an analysis on the plume buoyancy behavior see Sec. 5.4. In Sec. 5.6 we will study in detail the evolution of the plume variables under the Boussinesq approximation. However, something can be noted even at this point of the analysis by looking at the full system (5.1): 1) the mass flow q(z) is a strictly increasing function because the entrainment models we are using are positive functions; 2) the momentum flux m(z) has derivative equal to zero when the buoyancy become zero. It can be due to two causes, buoyancy reversal or neutral buoyancy level. We denote ζ nbl the neutral buoyancy level; 3) when m(z) = 0 system (5.1) encounters a singularity. In that point the plume reaches its maximum height ζ max ; 3) the enthalpy flux is a strictly decreasing function, because usually in applications the term containing θ f (ζ) − q+q ψ q+qχ is dominant and negative.
In the next sections we discuss some of the approximations applicable to problem (5.1). In particular we find that γ c is the parameter related to the column instability -if γ c > 1 then the volcanic column will collapse -and that φ is the parameter measuring the non-Boussinesqness of the mixture -if φ 1 then the Boussinesq approximation holds. Moreover, q ψ and q χ are the parameters measuring the multiphaseness of the mixture -if |q ψ | |q χ | 1 the plume can be considered as a single phase one.
In this thesis we will study three different volcanic eruption and one experimental plume that we denote, from the weaker to the stronger:
. We report in Tab. 5.2 all the parameters for these volcanic eruptions, respectively: 1) the physical parameters at the vent -radius, density, temperature, velocity and mass fractions; 2) the mass, momentum and enthalpy flows; the non-dimensionalization length scale and the multiphase Morton length scale (see below); 3) the six independent non-dimensional parameters; 4) the non-dimensional dependent parameters; 5) the non-dimensional plume maximum and neutral buoyancy level height, as obtained from system (5.1) with Ricou and Spalding [14] entrainment model 4 .
Monophase plume.
If the thermodynamic properties of the ejected fluid are similar to them of the ambient fluid then |q ψ | |q χ | 1. In this case, model (5.1) becomes:
where
It is worth noting that in the single phase case C β = C α and R β = R α . Thus, the initial enthalpy anomaly reduces to the initial thermal anomaly or equivalently to the density anomaly:
Consequently the reduced gravity becomes g = φg.
Jet regime
In the jet regime -defined as the one where m = f = 1 -Woods [17] pointed out that the Ricou and Spalding [14] model can be used. In this case, Eqs. (5.1) simplify a lot, becoming: the jet and the plume regime. It is the length scale for which the momentum variation becomes important. From the momentum equation we find:
from which, back to dimensional units:
This quantity became equivalent to that defined in Morton [10] when q ψ = q χ = 0 and β α.
The typical length scale of stratification S for a jet can be found by using a similar dimensional analysis for Eq. (5.1c)
This parameter is comparing the rate of variation of m and f . We have that if δ j < 1 than stratification have a role in the jet-like part of the plume, on the contrary, if δ j > 1 stratification is important just in the plume-like part of the plume. We will comment better this length scale in the section below dedicated to the plume height. Usually in jets, atmospheric stratification is not important because of their limited height (δ j > 1). We want to explore now when the kinetic correction term could be important. Contrarily to the last two terms, the second term in square brackets in Eq. (5.1c) become less important as ζ grows. In particular it decreases with q /q 2 ∝ ζ −2 . Defining the typical length scale for this term K , we have: 
Thus, the kinetic correction can be important just near the vent or very far from it and only when ∆h 0 U 2 0 (Ec 1). In other words, this correction can be important for "cold and fast" jets and far from the jet center. Generally, in volcanic plumes the Ec number is small, thus the kinetic correction can be disregarded.
Non stratified plume regime
If stratification and the last term in square brackets of Eq. (5.1c) can be disregarded, f = 1 and model (5.1) becomes
This ordinary differential equation has a first integral of motion 5 U in both the considered cases for η κ . We found respectively for the entrainment models of Morton et al. [11] and Ricou and Spalding [14] :
Using this first integral of motion in Eq. (5.22a) it is possible to find an implicit solution for the height of the form ζ = ζ(q). For the Ricou entrainment model, defining
and substituting the corresponding first integral of motion found in Eq. (5.23b)
into Eq. (5.22a), we found the following implicit solution:
Using this solution it is possible to find the height at which the Boussinesq approximation starts to hold: ζ = ζ Bou . We choose the value q = q Bou = 10 max(|φ|, |q χ |, |q ψ |).
In Tab. 5.3 are reported the value we obtain for the examples considered in this thesis. By comparing those values with ζ max reported in Tab. 5.2 it is possible to have an idea of the part of the plume where the Boussinesq regime holds. Under the same hypothesis of this section, the monophase case (5.13) becomes equivalent to the model studied in Fanneløp and Webber [5] :
For the entrainment models of Morton et al. [11] and Ricou and Spalding [14] the first integral of motion are respectively:
Buoyancy reversal and plume stability
In this section, we consider the plume model behavior near the vent, where it is not possible to use the approximation q |φ|, |q χ |, |q ψ | (see next section) but f 1 as done in the previous section. Here we will use the Richou entrainment model because we are near the vent, however the present analysis is independent from the entrainment model used since the sign of the buoyancy does not depend on η K . In model (5.22), the sign of the buoyancy force is determined by:
Here, l(q) is the first integral function defined in Eq. (5.24). When l (q) < 0, the plume is negatively buoyant and m decreases. If we arrive to the condition l(q) = U RS then m → 0 because the first integral U RS must be constant. Thus the plume stops (or collapses) and it is not able to reverse its buoyancy. We can better understand the behavior of the non-stratified multiphase plume by analyzing all the possible configurations. For this purpose, it is useful to define
where l (q min ) = 0. We enumerate the following situations for q ≥ 1 (recall that q(ζ) ≥ 1 because it is a strictly increasing function and q χ , φ > −1) by denoting "C" the cases when the plume collapses and by "B" the cases when the plume can reach and sustain the condition of positive buoyancy: 
then l (q) = 0 and the plume behaves as a jet.
then l (q) < 0 when q < q min , the minimum of l(q) is reached in q = q min and l (q) > 0 when q > q min . In this case inversion of the buoyancy sign can be possible if the minimum value of l(q) is above the first integral: l(q min ) − U RS > 0. In the opposite situation l(q min ) − U RS < 0 the plume is not able to invert its buoyancy and it collapses when m = 0, thus when l(q) = U RS . 5C) from positive to negative buoyancy.
then l (q) > 0 when q < q min , the maximum of l(q) is reached in q = q min and l (q) < 0 when q > q min . In this case the plume always collapses going from positive to negative buoyancy.
then l (q) < 0 ∀ q ≥ 1 and the plume collapses being always negative buoyant.
Thus, we can summarize that: 1) if γ c > 1 the plume starts or becomes negative buoyant and collapses; 2) γ * must be compared with γ c to know the initial buoyancy of the plume: if γ c < γ * (>) then the plume is initially positive (negative) buoyant; 3) if γ c < 1 then the plume is or can become positive buoyant, buoyancy reversal occurs if l(q min ) − U RS > 0. In Tab. 5.3 we report all of these parameters for the plumes studied in this thesis. While [forcedPlume] is positive buoyant, the other three plumes are initially negative buoyant. For all of them, buoyancy reversal occurs.
Non stratified Boussinesq regime
In the Boussinesq limit, we have that q |φ| , |q χ | , |q ψ |. It is worth noting that under this approximation the reduced gravity g can be written via φ:
Moreover, the two entrainment models we are considering become equivalent and Eqs. (5.1) reduces to:
which is the multiphase version of the celebrated model introduced by Morton et al. [11] :
Thus, we have found that the equations for a multiphase plume in a calm environment under the Boussinesq approximation are equivalent to the monophase Morton et al. [11] model with the following modification:
Model (5.35) has the following first integral:
(5.38)
The values of a q for the plume examples studied in this thesis are reported in Tab. 5.3. From this expression and Eq.(5.35a), we found the implicit solution:
This solution has two branches, depending on the sign of (1 − γ c ), thus on the sign of a q . If a q < 0, the column is unstable with implicit solution (cf. App. B for the definition of the Gaussian hypergeometric functions F b and G b ):
The maximum height is reached when q max = √ 1 − a q : 
Thus, the maximum height of a collapsing multiphase plume in Boussinesq regime behaves approximately as √ −a q . On the other hand, if a q > 0, the column is stable, rising indefinitely with this law (see App. B):
The asymptotic expansion G(x) = 1+O(x) allows us to find the self-similar solution:
From here it is possible to extract the asymptotic plume radius evolution:
In this formula, we can recognize the famous result of Morton et al. [11] : the plume spread b (ζ) is asymptotically constant and equal to 3 5 v q = 6 5 κ. Moreover we found the initial virtual radius of the asymptotic plume and its asymptotic approximation,
The virtual plume radius is the intercept between z = 0 and the radius of the equivalent plume spreading from a point source at z = z v = − (1 − a q ). In Fig. 5 .2a we show the behavior of b v (a q ) and of its asymptotic approximation. Finally, it is worth noting that the derivative of the plume radius has a simple expression thanks to the first integral (5.38)
from which
is the plume radius slope at ζ = 0. Another important property is the necking height ζ = ζ neck , where b (ζ neck ) = 0. It exists only when 0 < a q < 2/5:
As shown in Fig. 5 .2b, the necking height never exceeds ζ = 1. We summarize in Fig. 5 .3 all the possible regimes of model (5.35). Ranging from a q = 0 − to a q = 0 + passing through a q = ∞, we have shown that: 1) (collapsing regime) when a q < 0 the plume is collapsing, b (0) > v q , and its height increases as a q decreases (cf. , and the plume radius reach its asymptotic slope 
Boussinesq plume regime in a stratified environment
The Boussinesq approximation, with atmospheric stratification reduces (5.1) to:
If we consider the atmospheric stratification only at the first order, we can apply the following approximation to the latter system (cf. Eqs. (5.9) and (5.10)):
allowing us to write the multiphase plume model in a stratified calm atmosphere: This model reduces to the same model introduced by Morton [10] in the monophase case:
where v f,0 is proportional to the Brunt-Väisällä frequencyN 2 (cf. Woods [18] and Eq (5.10)).
In order to find the first integrals of motion, we write system (5.56) in this form:
By using the last equation multiplied by q(f − γ c ), we obtain the first conserved quantity (recall that f 0 = m 0 = 1):
U m is a very interesting quantity, because it holds whatever the entrainment model is. Indeed, we have found it just by using the conservation of mass and enthalpy in system (5.56), which are independent from the entrainment model. Moreover, this conserved quantity is telling us that m reaches its maximum value
when f = γ c . In other words, the flux of momentum is maximum when the flux of buoyancy (f − γ c ) is zero: neutral buoyancy level. Additionally, this first integral of motion tells us the value of the enthalpy flux when the plume reaches its maximum height. We define the maximum height of the plume as the point ζ = ζ max where m = 0, thus the minimum value of the enthalpy flux should be
because f is a strictly decreasing function of ζ (cf. Eq. (5.56c)). Thus, increasing the height ζ from 0 to ζ max let f decrease from 1 to f min ; while m increases from 1 (f = 1) to m max (f = γ c ), then it decreases to 0 when f = f min . These observations, will be very useful in the next sections of this chapter. Moving back to Eq. (5.58), it is easy to show that:
df , (5.62) from which we obtain another first integral of motion: where
; x is the hypergeometric function defined when x < 1 in App. B and F1
4
(1) = π
is a strictly increasing function bounded in [−1, 1], we have that, as f decrease from 1 to γ c − √ U m , q must increase from 1 to
By using again Eq. (5.56c) with (5.63), we have found the implicit solution of problem (5.56):
(5.65)
In order to better understand the behavior of the solution in different regimes, it is useful to define (see also Eq. (5.19)):
which are comparing U φ = U 0 /φ with U g = g/N 925 m/s and γ c with 1. As we will show in the next section, when δ p is small (U φ U g and γ c < 1) the solution has mainly a plume-like behavior, on the contrary, when δ j 1, the solution behaves manly as a jet.
When we are in the plume limit regime (δ p 1), any power of U m can be simplified to (see Eq. (5.59)):
This approximation, leads to the limit
Thus, in this regime we recognize two distinct behaviors: when γ c > 1 the multiphase plume is too heavy and slow to reach its height of positive buoyancy and it collapses. On the contrary, when γ c < 1, the plume is able to reach its buoyancy reversal height and it can rise into the atmosphere. During its ascent, f varies approximately in [2γ c − 1, 1], while q and m reach a much larger value the more δ p is small. On the other hand, in the jet limit regime (δ j 1) we have:
In this case q and m reach maximum values near 1, while f decreases the more the more δ j is small.
Plume height
Eq. (5.65) gives us the opportunity to write an analytic expression for the maximum height reached by a plume described by Eqs. In Fig. 5.4 we represent the values assumed by h(x 0 ,q 0 ) in (x 0 ,q 0 ) ∈ (−1, 1) × (0, 1). We notice that this function has a maximum in h(1, 0) = Γ 1 2.572. Approaching this point, the function increases suddenly. This figure must be read keeping in mind four main regimes: 1) x 0 → 1 − when γ c < 1 and δ p 1. In this case we are in the plume regime near the singular point (x 0 ,q 0 = (1, 0), thus the column initially has enough momentum to reach its buoyancy reversal height and enough enthalpy to rise until its maximum; 2) when γ c > 1 and δ p 1, we are in the collapsing plume regime near the point (x 0 ,q 0 ) = (−1, 0); 3) when δ j 1 we are in the jet regime, near the line x 0 = 0. In general, γ c is the parameter controlling the column stability: when γ c < 1 then 0 < x 0 < 1, the column is not collapsing and when x 0 → 1 the column behaves as a plume, while x 0 → 0 + , the column behaves as a jet.
The expression for the plume height we have found is the multiphase version of to that found in Morton [10] . The behavior of h near (x 0 ,q 0 ) = (1, 0) is the more interesting from a volcanological point of view, and it can be studied by using asymptotic expansion techniques for δ p 1 (plume regime). In this case, Eqs. (5.71) can be highly simplified. Indeed by using Eq. (5.66), we have:
because γ c < 1 near x 0 = 1 . Moreover, if x 1, the hypergeometric function can be approximated as follows:
With these information and a p small enough, say
it is possible to show that:
2.572
In this "plume regime", the analytic formulation for the plume height given in (5.71) simplifies to the first order approximation: while the zeroth order approximation is:
This last approximation holds in the limit δ p → 0, which is equivalent to the pure plume solution with initial mass and momentum equal to zero and finite initial flux of buoyancy. In Fig. 5 .5 we show the good behavior of Eq. (5.78) when δ p < 0.3 and a p < 5. It i worth noting from Tab. 5.2 that this parameter range is the most interesting from the point of view of volcanic plumes. Fig. 5 .5 compares the first order, the zeroth order and the exact solution (5.71). It shows that the first order approximation behaves very well in the selected parameter range. On the other hand, we point out that considering the first order approximation instead of the zeroth order allows to avoid an error up to 100 % when δ p 0.3 and a p = 5 (H max H In the literature, the problem of obtaining the maximum plume height starting from the monophase (γ c = 0) formulation of the plume model in a stratified environment, Eq (5.57) has been studied in Morton et al. [11] . He found ζ max,M 2.805 in his non-dimensionalization. We can recover the same result in the zero order approximation, by noting that the conversion factor from our non-dimensionalization to that used by Morton et al. [11] is ζ M = 2 
telling that the maximum plume height to the power four is proportional to the mass flow rate times the enthalpy anomaly and inversely proportional to the cube of the Brunt-Väisällä frequency. In the monophase case, when the Ricou and Spalding [14] entrainment model can be considered a good approximation for the dynamics of the first part of the plume, this result is valid even if the Boussinesq approximation is not valid (see Eq. (5.52)).
In volcanological applications the zero order formula is widely used. We have found a correction to that formula, for the multiphase case in both the zeroth and first order formulation. In dimensional variables, the multiphase first order formulation of the plume height reads:
which strongly increase the accuracy of the plume height, keeping a simple analytic formulation. The only difference between the monophase and the multiphase formulation is in the factor (1 − γ c ), through the substitution φ → φ * . We remind that this Taylor series approximation holds when δ p 1 which is equivalent to U 0 /φ < g/N 0 925 m/s. This last condition give us a lower limit for φ and than to the vent temperature:
If the vent temperature is much smaller than this lower bound, than the plume behaves more likely to a jet, and integral (5.71) must be evaluated without the approximation δ p 1. When we are in the opposite condition δ j = δ −1 p → 0 (jet limit), we have x 0 → δ j 1. In this regime, the function h(x 0 ,q 0 ) does not have a strong singularity as in the case x 0 → 1 (cf. Fig. 5.4 ) and Eq. (5.71) can be safely approximated at the zeroth order as (use the fact that xF(
If alsoq 0 1 this expression further simplifies giving the following expression for the maximum jet height:
As a first order approximation one can use 0 b 0 and invert this expression to find the inlet velocity from the jet height.
Neutral buoyancy level and plume height inversion
By recalling that the neutral buoyancy level (nbl) is reached when f = 0, it is easy to modify Eqs. (5.71) and (5.78) to find H nbl :
p , (5.89)
Thus we have found a first-order modification of the result of Turner [15] : [15] .
This result is telling us that the ratio between the maximum plume height and its neutral buoyancy level is a constant Γ Eq. (5.92c) we give an approximate analytic solution which has a good behavior both in the asymptotic (a h → 0 and a h → ∞) and intermediate regime (0.5 < a h < 5). In conclusion, the first order approximation for the plume height gives an additional information allowing to find both U 0 and φ * in contrast with the zero order approximation which needs an additional hypothesis on φ * to give the mass flux.
In order to fix ideas, we give an example. with less than 10 % of error with respect to the "real" values.
Analytic solution for a non-Boussinesq plume in a stratified environment
In this section we want to find an analytic solution approximating the behavior of model (5.1) in its complete form, from the vent elevation up to the neutral buoyancy level. The strategy that we will follow here will bring to an update of the results we have presented in Cerminara et al. [3] .
Both Eqs. 
, with (5.97) , we want to extend its applicability to plumes in non-Boussinesq regime. We will describe a strategy to hold this task, after having introduced atmospheric stratification.
The only difference between Eqs. (5.35) -from where we have extracted the latter asymptotic solution -and the Eqs. (5.56) -for a stratified atmosphere -is the variability of f (ζ). In the former system f is considered as constant and equal to 1, while in the latter one it is considered as a function f = f (ζ). However, we have seen in the previous section that f (z) is a slowly varying function, because v f,0 is usually very small with respect to the rate of variation of the other equations involved, namely v q and v m . Thus, one strategy to look for an analytic solution of the problem in a stratified atmosphere could be to consider the asymptotic solution (5.95) valid also for problem (5.56), and use it for finding f (ζ). In particular, substituting q(ζ) in (5.56c), we obtain: and we try to substitute Eq. (5.99) in it. We find: Having the enthalpy flux evolution f (ζ), it is possible to calculate the maximum plume height and neutral buoyancy level by using m max and f min given respectively in Eqs. nbl . Now we move to face the non-Boussinesq regime. The strategy we proposed in Cerminara et al. [3] is to use the asymptotic solution in the complete inversion formulas for U , b, β, T β , Y e and Y s reported in Eq. (5.5). The behavior of this approximation is showed in Figs. 5.7, 5.8, 5.9, 5.10. There we notice that the solution works surprisingly well for all the presented plumes. In particular, the temperature and density profiles are well captured for all the cases. The best behavior is recorded in the non-Boussinesq monophase plume (recall φ = 0.893). The asymptotic solution behaves worse for the plume radius and the plume axial velocity in the upper part, where the stratification play the most important role. Anyway, the plume height is captured with less than 10 % of error for all the plumes. Systematically, the asymptotic mass flux is overestimated with respect model (5.1). This error present with more evidence in strongPlume, and directly reflects in the underestimation of the mass fractions along the plume axis. 
Comparison between results of 3D and integral plume models
Integral models for plumes describe the evolution with height (the axial unity vector beingẑ) of three main variables: the flux of mass, momentum and buoyancy. The purpose of these kind of models is to reproduce -as accurately as possible -the behavior of these three parameters under the hypothesis that the plume is stationary. Moving to the 3D models, they give us the plume variables as a function of time and space. In order to compare results, we have first of all to average the 3D result over a time window where the solution can be considered stationary. The second step to do in order to coherently compare the two kind of models is to define the three fluxes also in the 3D case. We choose to define it as described below.
Given Ω × T, the space-time domain, we first average over T a generic 3D variable ψ(x, t):
(6.1)
For keeping the notation as simple as possible, in this section we use(·) in place of · T . We define a plume subset Ω plm (z) ⊂ Ω z , where Ω z is the plane orthogonal tô z at height z. Subset Ω plm is identified by two thresholds: the averaged mixture velocity has positive axial component and the mass fraction of a tracerȳ tracer is larger than a minimum threshold y min :
We refer to the integral over this domain as:
In particular we define respectively the mass flux, the kth mass fraction, the momentum flux and the buoyancy flux as follows:
Y k and k ∈ I ∪ J (with nil gas constant of the solid phase ψ j = 0). Moreover, α(z) = ρ α (x) Ω plm . We choose this method for obtaining the one-dimensional integral fluxes because of two reasons: 1) it is the three-dimensional counterpart of what we have defined in Secs. 3 and 4, thus it holds even in non-Boussinesq regime 9 ; 2) it is independent on the shape of the radial profile of the plume.
By defining Q ψ = Y ψ Q and Q χ = Y χ Q, we can recover the plume variables by using the same inversion formulas given in 5.5. We recall them in their dimensional form:
• plume radius b(z) = Q(F +Q)(Q+Q ψ ) αM (Q+Qχ)
• plume density β(z) = α Q(Q+Qχ) (F +Q)(Q+Q ψ )
• kth averaged mass fractions Y k (z) = where (·) is the derivative along the plume axis and T α = p/R α α is the atmospheric temperature profile.
It is worth noting that the methodology described in this section allows plume modelers to coherently compare results obtained from one-dimensional integral models with data obtained from complex three-dimensional simulations. Moreover, the entrainment coefficient κ -the key empirical parameter for one-dimensional models -can be easily obtained for three-dimensional fields. In [2] we give some example of the results we obtain by using this averaging procedure for the post-processing of three-dimensional plume simulations. We have used the same procedure also for the IAVCEI (International Association of Volcanology and Geochemistry of the Earth Interior) plume model intercomparison initiative [4] , consisting in performing a set of simulations using a standard set of input parameters so that independent results could be meaningfully compared and evaluated, discuss different approaches, and identify crucial issues of state of the art of models. In thesis we have to deal with integrals in which c = 2, thus we define
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B Gauss hypergeometric functions
It is worth noting that F b (1) and G b (1) are finite and them value is tied to the Gamma function Γ(x) as:
. (B.9)
